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ABSTRACT
1 A9%A

The construction and nonlinear aspects of phase-
locked-loop and automatic frequency control systems are
discussed. The nonlinear systems are approximated by
linear systems, and a time lag is introduced into the sys-
tem. Several methods of designing a digital controller for
a second-order system with a large time lag are inves-
tigated. The time lag is assumed to be 10 to 20 times
larger than the sampling period. The principal criterion
used is the deadbeat response to a ramp input, although
other criteria are considered. Several illustrations of the
type of system response attainable with these digital con-
trollers are presented to enable the reader to judge the
merits of this controller for his particular application.

I.  INTRODUCTION

The linear and nonlinear behavior of continuous automatic frequency controls (AFC) and phase-
locked loops (APC) is well known (Ref. 1-5). A linear analysis of a high-speed digital (sampled-data and
quantized) phase-locked loop has been investigated (Ref. 6). The present problem presents two new
considerations for an AFC system. The proposed system will contain a large pure time delay and will be

partially digital with a slow sampling rate.

An investigation of the nonlinear characteristics of the error-detecting devices used in AFC and
phase-locked loops shows that the AFC system can be made linear over its useful operating range, or it can

be made nonlinear if such a characteristic is desired. A phase-locked loop used as an AFC system will be
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inherently nonlinear except for very small error signal magnitudes. Thus a nonlinear analysis may be
necessary for two reasons. Under operating conditions of continuous disturbances, the system error will
often build up to a large magnitude, since the system will not immediately take corrective action because

of the large time delay.

Il.  GENERAL SYSTEMS

Automatic frequency control systems and phase-locked loops differ mainly in the method of error
detection, the input and output variables, and an integration in the phase-locked loop. The phase-locked
loop can be used as an AFC system. We will consider digital AFC and digital APC systems with two pure
time delays and two samplers within the control loop. Such systems can be visualized if one considers a
receiver located in a planetary satellite that is to be tuned (controlled) from Earth. The samplers and delays
correspond to the sending of error signals (coded pulses) from the vehicle to Earth and the transmitting of
control commands (coded pulses) from Earth to the satellite. Figure 1 is a block diagram of two such systems.
Both systems can be inherently nonlinear, with the major contributions lumped in the error detecting mech-
anisms. The output of the VCO is usually limited so that the VCO is essentially a limiter. However, its
range usually exceeds the input range. Both error-detecting elements are usually linear for small error signal

magnitudes and are useless when the error signal magnitude exceeds some limit.

As a first step herein, the nonlinear aspects of each device are investigated and its linear approx-
imation is derived. Secondly, if a phase-locked loop is to be used, the nonlinear behavior of the system
dictates the ““pull-in’’ range of the system (Ref. 5). The pull-in characteristic is used to set the sweeping

characteristic of the system when a sweep mode is added to the system.

Although no actual nonlinear analysis is presented herein, the nonlinear characteristics of the error
detectors are discussed. Several different methods of analysis for sampled-data nonlinear systems are also
discussed, along with a special problem created by the long time delay. The long time delay appears to raise

the order of the difference equation describing the system, which would indicate that a second-order system




JPL Technical Memorandum No. 33-98

with a time delay (larger than the sampling period) could not be adequately described by a phase plane

representation (or an incremental phase plane).

Fortunately, some AFC systems can be described by linear methods. A major portion of this work
is devoted to the design of a digital controller for a linear AFC system with a long time lag. This design
will be based on “‘optimum control through digital compensation’” (Ref. 7) or “‘deadbeat response’” (Ref. 8).
Both single-rate and multirate systems will be investigated. Minimization of the sum of squared-error
samples is used to achieve an optimum compromise between the ramp and step response of the system.
The large time lag increases the complexity of the optimum digital controller, especially in the case of the

multirate controller.

A subrate controller, which receives n error signals for each command (corrective) signal it sends to
the plant to be controlled, is also investigated. With this additional information about the system performance
(more error information), it may be possible to design a digital controller to yield optimum dead beat response

for more than one type of input. The problems of designing a subrate controller are presented.
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lll.  NONLINEAR ASPECTS OF ERROR DETECTION

A. Frequency Detector

The function of the frequency-sensing error detector is to provide a signal (dc voltage) that is
proportional to the difference between the input and output frequencies (o, = o; - ®,). The general scheme
for attaining this goal is shown in Fig. 2. The frequency of the feedback signal w, is shifted an amount
®, by the mixer. The input signal with a frequency o; and the shifted feedback signal are both fed into
a second mixer. The output of this mixer is passed through a high-gain limiter, a narrow-band amplifier,

and a discriminator to produce the error signal voltage w,.

To begin a mathematical description of the frequency detector, let the input signal R(¢) and the

feedback signal C(t) be given by

R() = R sin o, t )
C(t) = Csin{w,t+ ¢,) (2)

The output v(t) of the w, mixer is given by
v(t) = V(C) sin [(w, - w,)t+ ¢,] 3)

where the reference input Q(t) to the mixer is given by

Q@) = Q sin (coct+ qu) (4)

Thus the total input /() to the nonlinear element section of the second mixer is given by

I(t) = R(®)+v () (5)
I(t) = R sin w; t+ V (C) sin ((uv t+ qu) (6)

where
W, = w, - @, (7
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It has been shown that the output m (¢) of a nonlinear device with a double sinusoidal input is of

the form

m (t)

]

E Z M;;. sin [(lo; +jo,)t+ 1//”] + My sin (Ho;-jo,) e+ ¢li] (8)
=0 j=0

My + Moo + M sin (o;2+ Yy + Mg sin (o + ¢10)

f

M;l sin (cov t+ x/JOI) - MOl sin (wv t - ¢01)

-+

+ M’;l sin [(“’i + o, = “’c) t+ ¢11] + Mll sin [(“’i —w, + wc) t+ ¢11] 9

Now, if the narrow-band amplifier is designed to pass only the component of the output of the non-

linear element of interest—M11 sin [(“’i -, + “’c) t+ ¢ll] — the output 4 (¢) of the narrow-band amplifier

will be given by

h(t) = H sin (o; - w, +w,)t+ ¢, (10)

The amplifier should have a center frequency of w, radians and a half bandwidth A w on each side of w,
such that w, ~Aw, < ©; = 0, + 0, < @, + Aw, within the expected range of signal deviations (error
magnitudes). Of greater importance, the bandwidth must be narrow enough to reject all other components of

the nonlinear device.

The output of the narrow-band amplifier 4 (¢) is fed into a symmetrical high-gain limiter (essentially

a relay), whose output k (¢) can be expressed as

K@) = Z Kn sin [(2n - 1) (mi -, + mc) t+ (;Sn] 11)

n=1]
where Kl = 1.273.

The second narrow-band filter also has a center frequency of w, radians and is essentially flat

over the narrow bandwidth 2A w, so the gain K (jo) of the filter is given by
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K(j(l))=1 wc—A(l)bS(Di—(z)a‘l‘(l.)cS_wc'f'Awb
(12)
K(jw) = 0 all other frequencies
Then the output of the second narrow-band filter is given by
g) = 1.278 sin [(0; ~w, + 0,) t+ ¢,] (13)

A typical discriminator is shown in Fig. 3 (Ref. 9). It consists of a primary L, C; tuned to the
center frequency w,, and two secondary circuits L, Cy and L, Cy tuned at 0, + Aw, and 0, - Aw,.
Each diode develops across its load impedance R, a voltage that varies with frequency as shown in Fig. 4a -
assuming a fixed input amplitude and suitable smoothing (dc filtering) after the diode. The output is the sum
of these two diode outputs, which are of opposite sign as shown in Fig. 4b} If the discriminator is operating
in the linear region between w, ~ Aw, and w, + Aw, the output e (t) of the discriminator is given by

e(t) = K;- (w; - ) (14)

] 7]

where Kd is the discriminator constant.

Of course the discriminator curve (S-curve) of Fig. 4b can be made to assume almost any arbitrary
shape through manipulation of the tuned circuits R, C, and R4 C; and substitution of more complicated
circuits in their place. In this case the characteristic of the discriminator may never be linear, and its

output becomes a function of the frequency difference as given by
e(t) = E; (w; -w,) (15)

Thus the frequency detector can be represented as shown in Fig. 5, in which both the linear and nonlinear

representations are given.

lsee Ref. 9 for details.
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B. Phase Detection

The function of a phase detector is to produce a signal (dc voltage) proportional to the difference
between the input and output phases. In this case the input and output frequencies appear as a linearly
increasing (with time) phase. When the input and output phase difference is a constant, the output frequency
must equal the input frequency (except where phase changes continually perfectly offset the frequency
difference). Thus the phase-locked loop and the phase detector can also be used as frequency control
system and frequency measuring device, respectively. There are two suggested basic methods of phase

detection —multiplication and diode detection (Ref. 1).

The simplest method of phase detection is to multiply the two sinusoidal signals and filter the output
to remove the undesirable component. This method will yield either a sum or difference of the two frequencies.

Let the inputs to the multiplier be given by

Rl ) = rl sin (m1 t+ l/ll)
(16)
R,(t) = rycos wyt
The output E_ (¢) of the multiplier is given by
E () =rrg [cos Wy t] sin (@ t+¢))
(17)
172
= Z { sin [(a)l + @) b+ (/;l] + sin [((,)1 —wy) t+ ‘/’l}
Now let
riTe
; = E, o t+ ¢y =6, wot = Oy (18)
Then
E. () = E, sin (6, + 0,) + E, sin (6, - 0,) (19)
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If this multiplier output is passed through a low-pass filter, the filter output is
e, (t) = E, sin (6y - 6,) (20)
If the phase difference 6, — 0, is small, the linear approximation

e, (t) = E, (6, - 6,) (21)

is valid. However, it should be noted that the output e (¢) is proportional not only to the frequency difference
but also to the input sinusoidal amplitudes r, and r,. This condition might be eliminated by some amplitude

correction scheme.
A second method of phase detection, known as a *‘balanced phase detector’ (Ref. 1),is composed of

peak detecting diodes. Let the inputs to the detector be given by

el(t) = El cos q,Sl

(22)

I

€, (t) E, sin ¢
One diode is fed the sum of e (t) and % e, () while the other is fed the difference between ey (t) and
% e, (t). It has been shown that the difference E; between the output of the summing diode and the difference

diode is given by

2FE. E
E; = 12 sin (¢, — ¢y) (23)
E;

E
sum ¥ ddiff
Now, if E1 >> E2
Then
Eq

2E

E =
sum | daify 1

and thus

Ey = E, sin($; - ¢,) (24)
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Actually a more accurate analysis of this detector shows that there is really a detector constant caused by
the half-wave rectification of the diodes and a necessary smoothing filter. If we lump this constant and the

input amplitude E,, into one constant Kp, the output of the detector becomes

E, = Kp sin (¢} ~ ¢,) (25)

Again, for small error signal amplitudes (¢; — ¢, << 77), the linear approximation

Ej =K, - (¢1- ¢, (26)

is valid.

Thus the phase detector can be represented as shown in Fig. 6, in which both the linear and non-

linear representations are given.
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V.  BLOCK DIAGRAMS OF AFC AND APC SYSTEMS

Block diagram representation of the elements (other than the detector) in an AFC or APC system is
straightforward. Using the conventional Laplace transform notation and the sampled-data starred-function

notation (Ref. 7, pp. 98 —102) to represent digital systems, the following transfer functions are defined.

-Tds
time delay = € = exp (-T;s)
digital controller = D* (s)
control function and VCO (plant) = G (s)

where Td is the communication time in seconds between the vehicle and the Earth.

The digital controller is the portion of the loop located on the Earth and is completely flexible
within the limits of physical reliability. We will assume that the control function and VCO contains a zero-
order hold, a simple lag network for output smoothing, and an integration with an APC system. Assuming
these components and the detector transfer functions derived earlier, the linear and nonlinear block diagrams

for the AFC system are as shown in Fig. 7. Similarly, Fig. 8 shows the nonlinear and linear block diagrams

for an APC system.

10
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V. THE NONLINEAR AFC PROBLEM

The basic mathematical tool for the study of continuous nonlinear systems is the nonlinear differen-
tial equation describing the system. Similarly, the nonlinear difference equation is the basic tool for analysis

of the nonlinear sampled-data system (Ref. 10-12).

We shall consider the nonlinear AFC system shown in Fig. 7a with several simplifying assumptions.
The two samplers are syncronous and have the same sampling rate. The total dead time 27 is an integral
multiple of the sampling period T (2T ; = vT). This allows the entire delay to be lumped in the plant function

G (s), which now has the form

-T _
(1_€ S)K€st
G(s) = 27)
s+ T1 s)

We shall assume that the nonlinear element (S-curve) is frequency-insensitive. (If we consider a sinusoidal
variation in the input frequency, the characteristic of the nonlinear element does not depend on the frequency
of the sinusoidal variation.) Since the nonlinear element is only amplitude-sensitive and the sampler is only
frequency-sensitive, the error sampler and the S-curve can be interchanged. We shall assume that the digital
controller transfer function D*(s), when transformed into the z-domain (z-transformation), can be expressed

as the simple ratio of two polinomial in powers of z™} so that

a, + alz'l +a22-2 +a3z'3+ .
D(z) = (28)
1+blz'1 +b2z'2+b32'3+ con
Upon z-transforming the plant function G (s) we obtain
~-T/T
Kzvl(-€ / 1y
G(2) = (29)
-T/Ty -1
1-¢ z

After considering the above assumptions and transformations, the block diagram of Fig. 9 is derived.

n
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Now we shall derive the difference equation that describes the digital AFC system shown in Fig. 9.

Let a(kT) denote the value of the variable a(¢) at the kth sampling instant (¢ = kT). Consider only the value

of the variables at the sampling instants. Then

eT) = o, kT) - w, (kT)
w0, 6T =€ o [-1T) = Ka-€ " [k-v-1) 7] (30)
and
gET) + byq [k-1)T) + b, g [(E~2)T] +b,q[k-3)T] +- ..
= aymkT) +aym (k-DT] +aym [(k-2T) +agm [(k-3)T] +... 31)
Thus

glk+v-DT] = agm[E-v-1DT) + o m[(k-v-DT] + aym[(E-v-3)T] + agm[(k-v-4) T] + ..
~ by qltk-v=-2)T] = byq[(k~v-3)T) —byq[(h-v~-)T] ... (32)

Therefore,

T/T

e®T) = o, 6D =€ Vo) GT-T)-K(U-¢ 1) {aym@GT-oT-T)

+ alm(kT-vT—2T)+a2m(kT—-vT—3T)+- ..

~ b qT -vT-2T)~b, qkT ~vT - 3T) = - - } (33)

We shall assume that the output of the nonlinear element (S-curve) is related to the input by

m&T) = F [e kD]

12
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Now

Let

Thus

But

w,kT) = o kT)~e(kT)
w, (T) My Gr-m
glk-v-1)T) = - -
ra-e Ty Ka-e 'y

VK a-¢ Ty

R
il

-T/T,

B = €

1

@, kT) = — {ayF [e GT-vT=D)] +a; F [e (T-vT~2D)] + 0, F [e kT-vT-3T)]
+ agF [ekT-vT-4D)] + ...} -b, 0, kT-vT-2T)
+(Bb) =by) w, BT-vT=3T) + ( Bby ~ b,) w, kT -vT-4T)

+(Bb3—b4) mo(kT—vT—5T)+(Bb4-b5) w, kT—-vT~6T)+ .- -

e (1) = o, (1) - o, GT)

13

(34)

(35)

(36)

(37)
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Therefore,

w, kT) = — {aOF [wi(kT—vT—T)—-wo kT-vT-7)]

+a1F [“’i (kT—vT—ZT)-—coo kT-vT-2T)] +a2F [“’i (kT—vT—3T)—wo (kT-vT~3T)]

=T/T
+eer=by @, (BT~vT-2T)+ (b€ " 1b,) w, kT~vT-3T)

T/T

rye 1ob)a, BT-vT=4T)+- - - (38)

Thus we can express the present value at the kth sampling instant of the output in terms of past
values of the input and the output. A similar expression can be obtained for the system error e(kt) by
substituting from Eq. (38) into Eq. (37).

Example 1. Simple nonlinear AFC System

To simulate a simple AFC system as shown in Fig. 9,

Assume
-1
ao + al z
D(Z) =
1+b 271
(39)
v = 14
Thus
1
w, kT) = {ayF [ w; (kT - 15T)
-T/T,
KQ-e )
- w, (kT - 167) ] + o, F [w; kT-16T) - 0, 6T-16T)] }
-T/T
by w, GT=16T) 4 € ' 1 b, w, (kT-17T) (40)

14
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or since

e®T) = o, kT) - w, &T) (41)

~T/T
etT) = w,(kT)+b) o, k(T -16T)+€ " 1b) o (kT -17T)

- {ayF [e®T ~157)] + o, F [e (T - 16T) ] }

-T/T
~ by eT-16T) - € ' 'Lb, e(kT-177) (42)

Following the general assumption often used in continuous nonlinear systems, we will assume that
the S-curve can be approximated by a piecewise linear equivalent nonlinear element. We will consider the

approximation shown in Fig. 10.

Thus
mkT) = K, e (kT) for | e®T)|< e Range 1
m@kT) = Kye (kD) + (K, - K,) e, for e < eGD) < e Range 2
m@kT) = Kye,+ (K, —Kp) e for  e(kT)> e, Range 3
mkT) = Kye k) - (K, -K,) e, for  -e;>e®T)>-e,  Range4
mkT) = - [Kye ®RT) + K, -K,)e,] for  e(’T) < - e Range 5 (43)

Thus, for Range 1 { | e(kT) |g el] , the linear difference equation becomes
=T/ Tl
ekT) = “’i(kT)+bl“)i (kT - 16T) + € bzwi(kT—17T)

1
- lagK e (kT ~15T) + a; K, e (kT - 16T)]

-T/T
Ka-e€ 'y

-r/T
- bye(kT-16T)-€ ' 15, e(kT - 17T) (44)

15
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Or, in general,
ekT) = ale(kT— 15T) + aze(kT— 167) + a3e(kT— 177)
‘T/Tl
+o; (kT) + by o, (kT - 16T) + € byw; kT - 17T) (45)

Thus, even in this simple example, we will obtain a difference equation of order (v + 2), where v is
the ratio of the time delay to the sampling period (Ref. 13). By analogy to a phase plane study of continuous
systems (without time delays) described by an (v + 2)th-order nonlinear differential equation, one might con-
clude that a phase plane study — or incremental phase plane (Ref. 14) — for this digital AFC system will not
be sufficient to describe the system performance. An (v + 2)th-order phase space may be required for an
accurate system analysis (Ref. 14, p. 613). Unfortunately, our analogy is weak without a knowledge of

rigorous phase plane treatment of continuous (or sampled-data) systems with pure time delays?

A common method of handling the pure time delay is to approximate the €™ 7% term (or other notations
for the time delay) with some type of finite series approximution such as the first few terms of a Taylor series
or a Padé approximation (Ref. 15, pp. 546 —553). This would lead directly to the higher-order differential
equation which would indicate the use of a higher-order phase space solution. Actually, an infinite series is
needed to describe the delay. Thus, it seems that an infinite-order phase space is required to study the

system performance, but each successive dimension added to the phase space is of decreasing importance

in the solution.

If direct solution of linear differential equations with time delays is attempted in the Laplace domain
by retaining the €7 term, the solution will have an infinite number of roots in the s-domain. This, too,
indicates the necessity of a higher-order phase space for the study of systems with pure time delays. However,

as with the series approximation, it is often possible to obtain a valid solution from the first few terms (roots)

of the approximate solution.

Continuous systems with time delays are mathematically described by differential — difference
equations (Ref. 18). A differential —difference equation can be considered an infinite-order differential
equation, and its solution may have many of the properties of an infinite-order differential equation (such as

an infinite number of possible oscillations). If the time delay is small, the differential — differential equation

can usually be approximated by a finite-order differential equation.

2 References 16 and 17 contain extensive bibliographies on the time delay problem.

16
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However, a second-order differential — difference equation can usually be handled in the phase plane.

Initial values for the time interval T; < ¢ < 0, where T is the time delay, are required for the solution of
the differential — difference equation as opposed to initial conditions for the differential equation. The phase
portrait is handled in a conventional manner except that one must keep track of time in the phase plane to

correct for the time delay.

The phase plane for a differential — difference equation has many unusual properties. The phase
portrait may cross itself. This occurs because an infinite number of solutions exist at any one point in the
phase plane. The correct solution depends upon the initial values, which are really an infinite collection

of initial conditions.

Thus, unless the initial values are restricted, a complete investigation of the system performance
requires an infinite number of phase portraits, since each set of initial values will usually yield a different
phase portrait. This might be considered analogous to the infinite phase space requirement for the infinite-

order differential equation.

The above discussion indicates that a phase plane analysis of the sampled-data system with a pure
time lag is sufficient to describe the system performance. However, such an analysis is hopeless unless the

initial values at the sampling instants can be restricted by a knowledge of the operating conditions.
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VI.  LINEAR ANALYSIS

It has been shown that the phase-locked loop operates in a linear manner only when the difference
between the input and output phases is small. A difference between the input and output frequencies appears
as a difference in phase that increases linearly with time. Since no initial or sudden change in the input
frequency can be corrected at the output in a time less than the pure time delay, a large difference between
the input and output phase will exist when a sudden change in the input frequency occurs. A linear analysis
will be invalid during this important portion of the system operation. Because of the long time lag, even very
small “‘unpredictable’’ frequency errors will cause nonlinear operation of the system. For these reasons, a

linear analysis of a digital phase-locked loop with large time delays seems meaningless.

However, it was also shown that the AFC can be designed to operate in a linear fashion over most
of its useful range of automatic frequency control. When the operating conditions leave the linear range, the
system often switches to a sweeping search mode to return the operating point to the linear mode. Thus a

linear analysis of the AFC system is the logical starting point in the investigation of digital AFC systems.

The design of an AFC system with a large time delay requires some kind of “‘predictor’’ to achieve
satisfactory control if we wish to compensate for the time delay. A common type of “‘predictor’” controller
is a digital controller based on ‘‘deadbeat’’ response (Ref. 7). Variations of this basic technique are ripple
free (Ref. 7) and multirate deadbeat controllers (Ref. 19). Each of these controllers is designed for a specific
input, and the response to other inputs is often very poor (especially when the ratio of the time delay to the
sampling period is large). Design on the principle of minimization of the sum of the squared-error-samples is
sometimes used to achieve a compromise between the designs for two or more different inputs (Ref. 7). Statis-
tical considerations are also sometimes used as a basis of design of a digital controller when statistically

described inputs or disturbances (or both) are expected under operating conditions (Ref. 7).

Each method of design will be applied to the digital AFC system described previously. The results
and expected responses can be compared and evaluated in the light of proposed applications. In most cases,

these methods will not provide adequate control and some other method should be sought.

One such method is the subrate controller. The sampler at the output of the subrate controller
operates n times slower than the error sampler, as opposed to the multirate controller, whose sampler operates
n times faster than the error sampler. Although the design procedures for the subrate controller are not

completed, the philosophy of the subrate controller is covered herein.
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A. Deadbeat Digital Controller for an AFC System

First,the design of a digital controller for the system in Fig. 11a is considered on the basis of
“minimum settling time”’ or deadbeat? response. To achieve deadbeat response, the system error must be
identically zero at every sampling instant after a specified interval of time following the application of the
test input. Note that this does not specify the system error between the sampling instants. Minimum settling
time is achieved by holding the interval of nonzero error to a minimum within the limits of system stability
and a physically realizable digital controller. Later we will sacrifice the minimum settling time to reach a

compromise be tween satisfactory ramp deadbeat response and satisfactory step deadbeat response.

The following assumptions are made to simplify the design of a digital controller for the system
shown in Fig. 11a. The two samplers have the same sampling period T and operate syncronously. The ratio
of the pure time delays T, to the sampling period is an integer. Thus the time delays can be combined into
one time delay appearing in the plant for simplicity. The entire loop gain K; Kg can be lumped into a plant
gain K. The plant also contains the zero-order hold and time lag. Thus the transfer function G(s) of the

plant is given by

-oT _
Ke 4 1- €T

G(s) = (46)
1+ Tls

The z-transformation of the plant transfer function yields

Kz (vtl) (- E-T/Tl)
G(z) = e (47)
l1-¢ 2! z71
where
v = 2Td/T

Let D(z) represent the z-transform of the digital controller pulse network. Then the z-transformation

representation of the system shown in Fig. 11a is as shown in Fig. 11b.

3 We shall consider deadbeat response to specify the system only at the sampling instants. Others (Ref. 8)
require zero error for all time, once deadbeat response has been achieved.
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By conventional block-diagram reduction we obtain

E(z) = R (2)
1+G()D (2)
G(2)D (2)
C(2) = R (2)
1+G((2)D(2)
Let
1
L ) = ———M
1+ G(2)D(2)
Therefore
E(2) = v, ()R (2)
| C) = [1-7,)] RE)
and
(1- v, (2)]
D (Z) = —
G(z) - We ()

Now, E (z) can be expanded to yield

_ -1 -2 -3
E(z) = epte z  tegz “+egz

However, E (2) is defined as

00

E(@2) = 2 e(kT) P
k=0

20

L ]

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)
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Thus

= e,

)
()
!

= e®lp (56)

o
—
|

52 = e(t) |t=2T

If E (z) can be expressed in a finite series in z~1 (e, = 0 for all k greater than some value K,,), the
system error will be zero at each sampling instant after the K mth sampling instant. Now consider inputs

R (s) of the form

R(s) = 1/s" (57
Then
R(z) = A"h/ - 271y (58)
Let We(z) be of the form
V() = - z7 ) Fz) (59)

Then the system error will be a finite series in z~1 given by

E@) = AHF@E™ (60)

and the requirement of zero error at the sampling instants after a finite time will be satisfied.

To satisfy the requirement of a physically realizable digital controller and reduce system stability

problems, the following restrictions must be imposed upon the functions We(z) and 1 - We(z).

1. We(Z) should contain as its zeros all the poles of G (z) which lie on or outside the unit circle

of the z plane.

2.1~ We(z) should contain as its zeros all the zeros of G (z) which lie on or outside the unit

circle of the z plane.
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-n

3.1~ We(z) should contain z™ as a factor when G (z) contains z " as a factor (n will usually be

unity if G (z) does not have a time delay,and n will usually be greater than unity if G () has

a time delay).

Example 2. General Deadbeat Design for a Ramp Input

Assume that a ramp input [7(t) = t] is applied to the system shown in Fig. 11. Then

Tz"1
R() = ——M— (61)
(-2

-T/T
Also assume that G (z) is stable (¢ Lo, According to the deadbeat criterion stated earlier

2 - - -
v, (z) = (a-z71 (1+b1z1+b2z2+b3z3+...) (62)
I—We(Z) = z"'v"l (a0+a1z"1+a2z +a3z +...) (63)

Equation (62) can be rewritten as

Vg gl _ L um2 =3 _, b4 _ g g5 _ ...
W, (2) = 1-a,z ayz ayz 6,2 e,z (64)

Expanding Eq. (62) and equating coefficients of like powers of 2™ in Eq. (62) and (64) yield the following

set of equations
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b-2=0
by-2b;+1 =0
I>3—2b2+b1 =0

b,~2b,_,+b,, =0

by =20, 48,4 = -a
- (65)
byrg=2by4 +b, = ~a
byg = 2byg+ byy = 9y
byt = 20,45+ by4y = —ag
N T
The solution to these equations is given by
b1 = 2
b2 = 3
b3 = 4
lz4 =5
bv =v+1 (66)
bv+1 = —ay+v+2
bv+2 = —a,-2a,+v+3
- 1 0
bv+3 = —a2—2al—3ao+v+4
b,y = —83-2ay-3a,~4a5+v+5
bv+k = —ak_l—2ak_2=---—ka0+v+k+1
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If the system is to achieve zero error at the sampling instants in the shortest possible time, the
finite series in z ! for We(z) should be of the lowest possible order consistent with Eq. (66). This is

achieved if

ay = + v+2)

a, = -(@+1)
a, =0
2 (67)
ag = 0
a4 = 0
Thus
1-F(2) = @0+2) 2z~ (w+1) 27072 (68)
V(z) = 1-(v+2) 2V (1) 2?2 (69)

Qe e TN (we ) - we) 2]
D(Z) = (70)

KQ- e-T/Tl)[l ~w+ 2z (e 1) 272

and the z-transform of the ramp response is given by

C (2) = (0+2) 2 ) L (y 4y 3) 270 L (p g g)2m W) L (71)

ramp

From the definition of the z-transform we obtain the system output at the sampling instants to be

CkT)

l

0 0< k<v+2

CkT)

I
o

k> v+2 (72)
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Interpretation of Eq. (71) shows that the system output will follow the input with zero error at the sampling

instants 2T, + 2T sec after the application of the ramp input. Thus a large decrease in the sampling

period will cause only a slight increase in the speed of response of the system to a ramp input when the

sampling period is a small fraction of the delay.

However, the size of the sampling period has a significant effect on two other aspects of the system

performance — the system output between the sampling instants and the overshoot when the system is

subjected to stop inputs.

First we will consider the step response of the AFC system with a digital controller designed

for a ramp input. The unit step input [r(¢) = u ()] is defined as

0 for t>0
u(t) =
1 for t>0

The z-transform of the unit step is given by

1
7 {u(@®)} = ———
1-z71
Thus
1
R(z)step = 1—_;-

The z-transform of the system step response is given by

Cz) = [1-W,(2)] R()

step
= (w+ Dz v V2 v v,

Thus the step response at the sampling instants is given by

0 for k<v
ckT) = v+ 2 for k=v+1
1 for k> v+2
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It should be noted that the step response also has zero error at the sampling instants after 27, + 2T sec.

From Eq. (72) it is obvious that the overshoot is at least v + 1 units and may be greater between
the sampling instants. Thus T should be large to decrease the value of v and thus reduce the step overshoot
magnitude. However, T should be small to provide adequate speed of response to ramp and step inputs. An

optimum compromise between these two conflicting requirements is presented on page 35.

Determination of the system output between the sampling instants requires the use of the modified

z-transformation, which is defined by

b 1COY = Clz,m)

1l

z'lz C(kT+mT)z'k (78)
k=0

for

0<m<g 1

Thus, if the modified z-transform is expanded into a series such as

Clzm) = 271 [Cylm)+ Cy(m) 271+ Cylm) 272+ Cym) 273+ . ] (79)
then
Com) = CO) |,opur
Cim) = CO |yapamr
Com) = CO) lymgramy

C, (m)

C ) lt=nT+mT

where 0 < m < 1.
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| The modified z-transform of the output C (z,m) of the system shown in Fig. 11 is given by

D (2) G (z,m)
C(z,m) = R(2)
1+D(2)G(2)
G (z,m)
= (1-¥,()] R() (81)
G(2)

where G (z,m) is the modified z-transform associated with the plant transfer function G (s) so that
Clzm) = 3, 16 (s)} (82)

which can be obtained from several different tables or direction application of the definition (78). For the

system under study

K E‘st - E‘TS)

| G(s) = (83)
‘ 1+ T1 s)
S0
T/T -T/T T/T
Kla-e" / y_(e Ty _ gt/ 1y ;=17
G (z,m) = e (84)
_c Ty -
and
r/T -T/T T/T
G (z,m) 1-6-’" Ty € / l—E-m /T
= - 271 (85)
G (2) 1 E‘T/Tl 1- €‘T/T1

Thus the modified z-transform of the system output is given by

-y MmN (pr - e 212w

Clem) = — R&) (@)
a-¢ b
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The modified z-transform of the system ramp response is given by

ST/Ty_ I/,
- - +1
T(w+2)2"®*2) [1- |:1- ° zl]

-mT/T
1 ~-€

- Mooy -

-mT/Tl "T/Tl
€ -€
+|v+3- 2~ (+3)
'T/Tl
1-¢

-mT/Tl 'T/Tl
€ -€
4ot v+k—< ) 2wk L

(87)
-T/Ty
- €
Thus the ramp response is given by

0 for 0<t< w+ 1T

_ -mT/T,
et) s ———— (v+2) for t = (v+1l+m)T

-T/T,

E-mT/Tl_ €‘T/T1
v+k+1- for t = w+k+m) T
1 e mT/Tl
where 0<m<1 E>2 (88)
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Similarly, the modified z-transform of the system step response is given by

-T/T, _ E-m T/T,

€ -1 v+l
1- z 1- z
- -mT/T
(v+2)z7771 I—GM/l v+ 2
C(Z’m)step =
-T/T -mT/T -
a-¢ ha-¢" -z
1~ 6"mT/T1 _ e‘mT/T1
= w+2 2z s {(w+ Y-+ 1) |—- |} 2702
-1/T, -T/T,
- € — €
+zVB v (89)
Thus the step response is given by
0 for 0<t<vT
e = { T/
(v+2) for t = v+mT
-T/TI
l1-€ 0<m<1
_e-mT/Tl
v+2)-@w+1) —0———— for t=@+1+m)T
’T/Tl
1-¢€ o< m< 1
1 for t< w+ 2T (90)

Example 3. Design of Remote-Controlled Receiver for Earth-to-Venus Operation

Let us consider the remote tuning of a receiver located in a vehicle near Venus with a digital
controller on the Earth. With the digital controller on the Earth there is complete freedom to change the

control characteristics to compensate for unexpected operating conditions in space travel. In this case the
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one-way communications time delay will be 140 sec (27 ; = 280 sec). In the initial design there are two
parameters in addition to the digital controller which must be chosen. They are the sampling period T and
the plant time constant T,. It has already been shown that the step overshoot and the speed of response put
conflicting requirements on the ratio of the time delay to the sampling period. In addition, the ratio of the
plant time constant to the sampling period also determines the response characteristics between the sampling

instants.

Figures 12— 16 show the ramp and step response of the digital AFC with a digital controller designed
for a ramp input for several different ratios v of the pure time delay 27T, to the sampling period T'[v = 2T ,/T].
In each figure the intersample ripples are shown for the case when the ratio ¢ of the time constant of the plant
T, to the sampling period T was 0.25 (g = T, T = 0.25). From these response curves it is obvious that the

ratio 27 ;/T = v also influences the intersample ripples.

The effect of the ratio T;/T upon the output ripples is shown more clearly in the exploded view of
the system output (Fig. 17). The same ratio of time delay to sampling period is used in both response
curves of Fig. 17 (v = 14). However, two different values of T1 /T (T1 /T = 0.125 and TI/T = 0.25)
were used for the exploded views showing the ramp response when deadbeat response is first attained. The
ripples are reduced by increasing the ratio T,/T in this case. This is to be expected since a low T',/T ratio
indicates little filtering, and the output should approach the clamped condition between samples because of
the zero-order hold. As T,/T increases, the filter approaches a pure integration, which will allow perfect

ramp response (no ripples). The problems of output ripples will be elaborated in the following section.

B. Ripple-Free Design

It has been proposed (Ref. 7) that the intersampling can be removed at the expense of slower system

response. The following is a summary of the proposed method. From Eq. (81) it is known that

D(z) G(z,m)
C(zm) = —————— R(2) (91)
1+D(2) G(2)

Let

C(z,m) = Ge (2) G(z,m) R (2) (92)
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where

D (2)

]

C,) = —
1+D(2) G(2)

1
G (2)

]

[1-7, ()] (93)

1

“It can be shown that the pulse-transfer function G (z) G (z,m) as a polynomial in z™" is the necessary

condition for the system response to a basic input (step, ramp, parabolic, etc.) to be free from ripples after

a reasonably short transient period has elapsed4”

Thus, observing the above requirement for G, (z) and
restating the previous restrictions for deadbeat response design, the following criterion is established
foi the design of a digital controller to provide ripple-free deadbeat response. The transfer function of the

digital controller is given by

1 1-V, (2)
D(z) = (94)
CG W, ()
for basic input of the form R (s) = 1/s"
F@z™Y
R(z) s —— (95)
-z

Following the deadbeat design pattern, the functions ¥,(2) and 1 - W, (z) must be of the form

Vo) = -2 Qvayzlvaz 200,240 00) (%)

1- W,(z) = 28 by+ bz 4byz2ub,z84.00) (97)

4 This statement {(quoted from Ref. 7, p. 513) has not been verified, and a following example will show that

the above condition may be necessary but is not sufficient.

31




JPL Technical Memorandum No. 33-98

where

1. We(z) must contain in its zeros all the poles of G (z,m) which lie on or outside the unit

circle of the z-plane.

2.1~ We(z) must contain in its zeros all the zeros of G (2).

3.1~ We(z) must contain z ¥ as a factor if G (z) contains 2% as a factor (k usually equals

unity unless G (z) contains a pure time delay).

Thus, the only addition to the deadbeat response criterion is that We(z) must contain all the zeros

of G (z). Previously, only the zeros on or outside the unit circle in the z-plane needed to be included in the

We(z).

Immediate application of the ripple-free criterion to the system proposed in Examples 1 and 2 will
show that this criterion does not always yield a ripple-free design. Furthermore, it will be shown that it is
impossible to make the system output ripple-free for a ramp input without changing the plant portion of the
system. This fact is hinted at by Jury (Ref. 8, p. 196) when he states, ‘““However, the possibility of a true

deadbeat (ripple-free) response is dependent on the plant transfer function . . . "’
Example 4. Ripple-Free Design

Consider the system of Examples 2 and 3, where

K@ - €'T/T1) 7~ (w+l)
G(2) = (98)
“T/Ty 4
1+ € z

and

-mT/T -mT/Ty  =T/Tq. 1] ,~(v+l
K[(l—e'"/l)+(em/1—e / l)zl]z(v )

G(z,m) = (99)
-T/Tl z_l

l1+¢
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Examination of Eq. (98) reveals that G (2) has no zeros. Thus the criterion for ripple-free deadbeat
controller design is identical to the previous criterion for a deadbeat controller, which yielded a system with
output ripples for a ramp input. Thus, the proposed criterion will not yield a ripple-free response for a ramp

input when the plant consists of zero-order hold, pure time delay, and a first-order lag.

Now it will be shown that it is impossible to design a digital controller to provide ripple-free dead-

beat response to a ramp input for the above-described system.

From Eq. (92) and (93) we have

1-V,(2)
C(z,m) = ————— G(z,m) R(2) (100)
G (2)
for a ramp input
Tzl
R(z) = 5 (101)
1-2z7h
so
Tz_l G(Z’m)
Czm) = —— [1-W,(2)] (102)
1-zh? G (z)

where 1 - ¥ _(2) should be a finite polynomial in 271 to satisfy the deadbeat response requirements. For a
deadbeat ripple-free response, the terms of an expansion of C (z,m) in 2”1 must be of the form T(m+k)z'(l‘_l)

for all k greater than some finite value.

For our system

[1 - We (z)] T [(l - G-MT/TI) - (E-T/Tl - E-mT/Tl) z'l] z'l
cleom = (103)

a-z0a-e’Ty
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Now,to satisfy the requirement for deadbeat response and physical realizability of the digital controller,

1- We(z) should be of the form

l—We(Z) _ z-v-l (ao+alz"1 +a22-2+a3z"3+ )

Thus
- - - -mT/T =T/T -mT/T
Tz (”+2)(ao+alz 1+a22 2+---)[1—€m T _(e / 1_¢" / Ly, 1]
C(z,m):
1.2 -T/T
1-zH"(1-¢€ 1y
Let
-T/T -mT/T
€ / 1_¢ mI/T
B:
'T/Tl
1-¢
Then

Clzm) = T {ao 1+ B)z"w#2) [al +2a,+ (ay + a)) B z7(v+3)

foeeet [ak+2ak_1+---+(k+1)a0+(a +a, 4+ +ak) B2 |

0 1

Thus, to satisfy the restriction on the coefficients of the C (z,m) expansion mentioned above,

a0+a0,3 = v+m+1

v+m+ 2

a) + 244+ (a0+a1),8

ak+2ak_1+"'+(k+1)00+(ao+a1+---+ak)ﬁ= vem+k+1
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If the ripples are to disappear after the kth sampling period

-T/Ty -mT/T
e T _¢ 1

an+2an_l+---+(n+1)ao+(a0+al+az+---+an) T =k+m (109)
€

/T
Since the a’s cannot be a function of m, the various combinations of a’s and 1 ~ € 1

can be lumped into

constants M, N, and K to yield

or

=a+Yym (110)

However, Eq. (110) has no solution when c and 7 are not functions of m.

Thus, it is impossible to design a digital controller to yield a ripple-free deadbeat ramp response
when the open-loop plant consists of a zero-order hold, pure time delay, and a first-order lag. This statement

can also be proven using the design approach of Jury (Ref. 8) or Schroeder (Ref. 19).

The ripples can be removed by changing the system plant and applying the above-mentioned criterion.
Replacing the zero-order hold with a first-order hold is one obvious method. The addition of an integration in

the plant (other than the hold) would be a second method.

B o8 Minimization of the System Error

It was noted that a least-settling-time, deadbeat, digital-controlled system, when designed for a
ramp input, yielded a very large step response overshoot when the system contained a large time lag. This
overshoot can be reduced at the sacrifice of the deadbeat response by introducing a *‘staleness weighting
factor’” (Ref. 7, p. 519) in the digital controller design. A second method of reducing the step function
overshoot is to retain the deadbeat response but increase the settling time. Both of these methods will be

attempted.
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A mathematically useful criterion for optimization of system parameters for sampled-data systems is
the minimization of the sum of the squared-error samples of the error pulse sequence. It has been shown that

the sum of the squared-error samples can be written as

s 1
Z [e:T)]12 = — ¢E(2)E(z"1)z'1 dz (111)
k=0 2mj T

Where the z-transform of the error pulse sequence is given by

[><]

E(z) = Z e (kT) z7% 112)
k=0

and the I" contour is the unit circle in the z-plane.

Application of this criterion to the design of a digital controller is straightforward and, with a small
modification, follows directly from the design of a deadbeat digital controller. The problem is to choose the

arameters in W _(z) and 1 — W _(z) in such a manner that the above error criterion is minimized.
e e

The first modification to the deadbeat response requirements will be the addition of the ‘‘staleness
weighting factor’” to the design function We(z) and 1 - We(z). The following design procedure is taken from
Ref. 7. It will be shown that the introduction of the ‘‘staleness weighting factor” is not mathematically

practical when the system contains a time delay that is much greater than the sampling period.

The ‘“staleness weighting factor’” a is introduced so that

W=z’ @Qebyzlabyz2e.0)
V(z) = (113)
1-az"l

L —(v+1) (ao +a, il a, 2 24..2)
1-W, (2) = (114)

1-az!

where the numerators of W ,(z) and 1 ~ W _(z) satisfy the requirements for deadbeat response, physically

realizable digital controller, and system stability
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Now

E(z) = VW (2)R(2)

In deriving (Eq. 113-115), we have assumed an input of the form

F(z71)
R(Z) =
a-z1"
s0
[FeHl 1+ blz"1 + b2z'2 $oes]
E(z) = :
l-az’1
Now it is known that F (z”1) and V,(z) are finite series in 271 g0 that
0+ 0y z+ a2z2 PR am+nz(m+n)
E(z) =
Lmin-l (z - a)
Thus
4 R e
E@E™ =
(1-az)
wheren > v+ 1.
Thus
(ag+ayz+- --+ammz"'+")(aoz""’"+- cetan )

dz

Z leGT)]2 = —
k=0 .

"1 e

M -a)1-az)

(115)

(116)

a1n

(118)

(119)

(120)
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where | a| < 1 and the contour I" is the unit circle in the z plane. This integral is readily evaluated by
determining the residues of the integrand at its poles inside the contour (the poles appear at z = a and
z = 0). However, the pole at the origin is of order m + n, which is at least of order v + 1. The residue,

assuming an order of v + 1, is given by

1 d¥ [ (eg+oqz+--- onm,mz""‘")(onoz””"l + alz"”’”l teeeta )
H=—— (121)

v! dz¥ (z-a)1Q-az)

which, from an engineering point of view, is mathematically impractical to evaluate.

Thus, the “‘staleness weighting factor’’ is not a logical approach to reduce the system error when

long time delays exist in the system.

Assume that the system should have deadbeat response to a ramp input but that the minimum settling
time requirement of the previous examples is not necessary. Then extra terms can be added to the digital
controller transfer function D (z) to reduce the step overshoot. This method will be optimized by employing
the “‘minimum sum of the squared-error samples’’ of the error pulse sequence criterion on the selection of the

extra terms.

The basic requirements of deadbeat response are retained so that

1
W,(2) = — (122)
1+D(2) G (2)

E(z) = W (z) R(2) (123)
Clz) = [1-W ()] R(2) (124)
1 1- We(z)
D(z) = (125)
Glz) W, (2)
Tz71
R(Z)ramp = ———2 (126)
1-z"1
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1
R@ypep = (127)
1-271
For deadbeat response to a ramp input, We(z) and 1 - We(z) should be of the form
2
We(z) = 1-zH @+ blz'l + b2 272, b32_3 +oee) (128)
1-¥,0) = =+ (a0 +a; P a2z"2 + a?‘z'3 +e-2) (129)

and must satisfy the conditions:

1. ¥ ,(2) should contain as its zeros all the poles of G (z) which lie on or outside the

unit circle of the z plane.

1
|
|
! 2. 1 -V _(2) should contain as its zeros all the zeros of G () which lie on or outside the
|
|

unit circle of the z plane.

3. 1-W_(z) should contain 2™ as a factor when G (2) contains z ™ as a factor.

(n will usually be unity if G (z) does not contain a pure delay.)

Under these conditions, it was shown that

b1 = 2

62 = 3

b3 = 4

bv = v+1

bu+1 =—GO+U+2 (130)
bw2 =-a1—2a0+v+3
bysom = —Opey = 20p_5 =30, g—----mag+vi+m+]
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To obtain a minimum settling time response, it was shown that b, = 0 for all k > v + 1. By relaxing
the minimum settling time, one can arbitrarily choose values of bk’s forv+ 1< k< v+ m. In this case, the

system ramp response will have a settling time of (m + 2) T + T sec.

However, if the b,’s are chosen arbitrarily, there is no assurance that the step overshoot will be a
minimum for the amount of settling time sacrificed. Although not necessarily the same criterion as minimum
overshoot, minimization of the sum of the squared-error samples of the error pulse sequence is a convenient

and logical method of determining an optimum set of values for the b, ’s. Pursuing this approach yields

E@)gmp = W (&) R(2)p g, (131)
for step and ramp inputs
E(z)mmp =Tz (142270432724 .« o 4 (v 1)z'v+bv+1 2 (v+1 + bu+2 IRICRs ) DA bv+m L~ (vm))
(132)
similarly
E(Z)-’“P s l+z e z240 00027y G,y -v-1 2~ (v+1)
tbyig=by4y) Oy Gpim = byrm-1) zwtm) bytm 2 (vmt) (133)
For a ramp input
EE@E ™Yyl o 12 ~mwos) (b,
T (S T30 T SO 1 SR T S EL U A L
teymey 2 L z2v*2m} (134)
where
eyim = 1242243704t 0P e D4 (b, )0 4 By yp) ek by, ) (135)
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It has already been shown that the sum of the squared-error samples can be expressed as

o0

Z [e(kT)]2 = ——1— ¢1€‘ EG@ E(zD)2714;

k=0 277j

Substitution of Eq. (134) into (136) and evaluation of the contour integration by residue methods yields

T2 dvim

2
Z [e(kT)] = [bv+m+(bv+m-l+2bu+m)z+' .
k=0

(v+m)! dzvim

vem+l L b

+ z

2v +2m
ev+m+1 vtm z ] L.____o

T2 ¢

vim

T2{12+922+324424 ... 4024 (v+1)2

by )2+ By )2+ By )24 ek (b, )2}

Minimization of this sum by conventional calculus techniques(d= /6bk = 0) yields

a 00
. Z[e(kT)]2 =0 l=1,2-
abvﬂ k=0
byyy = 0
bysg = 0
bv+m =0

41

(136)
+ e m Zvtm
(127)
(138)
s, m
(139)
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which should be expected since this is the minimum settling time solution. Expression (138) will be useful

as a measure of how much each extra term in the digital controller increases the ramp error.

The next step is to evaluate the sum of the squared-error samples for a step input. From (133) we

have
1
E@E@E™) T = prrer L TR PRSP 2.
Tl tm+l ALY = im-1 = Opim) (140)
where
€pimay = @D+ G, —v-D2e G, n=b, P et by = by )t By (141)
Thus

ii[e%ﬂ]2= ! » (= bpim ~bpemey 2= "
k=0 (vem+1)! dzvmH
v e ZU+M+1+"'_bv+m°l—bv+m] lz=0 (142)
= Coim+l
= @+ D+ by -v-D24 (b, ,-b,,)°
S ) LR C IV SO L (IR (143)

Minimization of the step sum of the squared-error samples by conventional calculus techniques

(9Z/3b,, = 0) yields
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d

{Z[e(kT)]2}=0 Io1,2. - .m
k=0

abv +

-+ D+2b,,,-b =0
- bv+1 + 2bv+2 = bv+3 =0 (144)
_bv+m-2+2bv+m-1_bv+m =0
‘bv*m-l+2bv+m = 0
or
m
byy = (v+1)
m+1
m-1
bv+2 = (v+1)
m+1
m-2
bN_3 = (v+1) (145)
m+1
2
bv+m-l = v+1)
m+1
1
byom = (v+1)
m+1
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Thus for a step input

o0 9 v+1\2
2 [e:T)] = (w+1)+ (146)

k=0 m+1

and for a ramp input

o0 v+l 2 m
Z le®:T)])2 = Z g% + <v+1> i2 (147)
j=1

k=0 g=1 m+ 1

Actually the first terms in (146) and (148) above represent the error for the first v + 1 samples and cannot be

reduced by adding extra terms to the controller.

Thus

> ren,, - S (148)
k=v+1 m+1
- 2 2 9 9
> LetDl,,,, - <v+l> 1+2243%+. .. +m? (149)
k=v+2 ’ m+1

represent the sum of the squared-error samples after the controller has begun correcting the system perform-

ance for step and ramp input respectively. These sums are plotted vs m in Fig. 18 for v = 14.

It is obvious that reducing the step error leads to an increase in the ramp error and that some
compromise value of m should be chosen. A plot such as Fig. 18 for a given system will aid in the selection
of such a compromise. Figures 19 to 21 show the ramp and step responses of the system of Example 2 with
a time constant ratio T, /T, of 0.25, a time delay ratio v of 14, and three different values of m (m=1, 2, and

3, respectively),
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VII. MULTIRATE CONTROLLER

It has been suggested that a multirate controller will often yield a faster response with less ripple
content than its single-rate counterpart (Ref. 20). A multirate controller is a digital controller whose output

sampler operates at a sampling rate n times as fast as the system error sampler.

We shall consider the design of a multirate controller for the simple unity-feedback error-sampled
system shown in Fig. 22, The system error is the input to the digital controller D*(s). The output of the
digital controller (sampled control commands) becomes the input to the plant G (s). The plane output is the

system output.

The conventional method of analyzing multirate sampled data systems is to replace the multirate
samplers with n delays, advances, and samplers of the basic sampling period T (Ref. 7, p. 281 —304). This

substitution yields the equivalent system shown in Fig. 23, From Fig. 23 it can easily be shown that

R ()
E(z) = (150)
n-1
1+ D ()G (2) +Z FEEeTP/rps)} j{eTP/7G(s)}
p=1
n-1
R (z) Z 3{eTr/n p(s)} g{e=TP/n G ()}
C@) = p-0 - (151)
1+D@6 @+ Y, HeTP/AD ()} HeTPAG(s))
p=1

Although reasonable equations for analysis, Eq. (150) and (151) are not convenient design equations. Thus,

another approach is required. The z,-transform provides a design approach.
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The z-transform is defined by

C@ = glc@®)}

Z ckT) z7* (152)
k=0

Similarly, we shall define the z -transform as

Cz) = ¢, [c®)]

o T "

- Z P 3 (153)
n

k=0

The z-transform can be considered the z-transform with respect to the basic sampling period T. The z, -

transform is the z-transform with respect to the higher rate sampling period T/n. By conventional definition

we also have

z = T
Similarly
2 = &T/n
Thus
z = (z,)" (154)

The following three equations can be obtained by inspection from z,- and z-transform block diagram

of Fig. 24.
E(z) = R(2) - C(2) (155)
C(z) = E(2) § {D(z,) G(z,)} (156)
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C(z,) = E@)D (Zn) G (Zn) (157)
Thus
R
E() = @ (158)
1+ {D (zn)G(zn)}
R()D (zn) G(zn)
C(zn) = (159)
1+; {D(z,) G(z,)}
now let
D(zn) G (zn)
K(zn) = (160)
1+4 {D(z,) G(z))}
Then it can be shown that
K (zn)
D(z) = (161)
G(Zn) [1-K(2)]
where K (z) = 3 (K (Zn)] is the z-transform of K (z,) with respect to the basic sampling period T. Now
assume that the system input R (z) is of the form
F(z™h
Rz = —8mm— (162)
1-z1
Then it can be shown that K (zn) and 1 — K (z) should be of the form
K(z,) = {1+z;1+z;2+- . -+z;("'1)]r3(2,,) (163)

4
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1-K@) = Q=21 40) (164)

i
G (zn) has poles ?(1 - bq zn)k on or outside the unit circle in the z, plane or zeros I;(l—-ap z;l)

on or outside the unit circle in the z, plane so that G (zn) is of the form

1 -0yl Pley) 550D
Gz,) = (165)

T ob, 2l Q)

then it has been shown that K (zn) and 1 — K (z) should also satisfy the conditions

S - 1 el k ,—(v+1)
K(z,) = I[',I (1-apzn1);M(zn)I‘-II [1+qun1+- . -+b;' lzn(" D"z, (166)

1-K() = 4 (-0, 21 NG (167)

Solutions for K (zn), 1-K(z),and D (zn) G (zn) are given in Table 1 (reproduced from Ref. 21) for step and
ramp inputs when G (zn) is stable with a small pure time delay T, (Td 2T + 2T/n, where T is the high rate

sampler period). However, a more straightforward approach is possible.

The following expressions can be obtained from Fig. 24.

E (zn) = R (zn) -C(z,;) (168)

C(z,) = E(2) G(z,) D(zn) (169)
R (2) D(zn) G (zn)

Clz,) = (170)

1+ 3 {D(z,)C(z,)}
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Now let

D(z,) G (z,)
K(z,) = (171)
1+ 7 1{D(z,) G(z,)}

K (zn)
D(z,)G(z)) = ——— (172)
1-K(2)
so
E(z)) = R (zn) -R (z:) K (zn) (173)

Now let the plant transfer function G (s) be of the form

K L+ Ty )AL+ Tys) -+ (L+Tys) ™0

G(s) = (174)
sP(1 +als)(1+ ags) - -+ a1+ abs)
Then, in general
Kg P(z)z"™"1
C(z) = —4m8 (175)
g
-m,-1
K Plz,)z,
G(Zn) = (176)
Q(z,)
where
m-1)T< vl <mT
m-DI<or <m T (177)
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Again, for physical realizability of D (z,) and to improve the system stability:

-ml-l

n as a factor.

1. K (zn) should contain z

2. K (zn) should contain in its zeros the zeros of G (zn) that lie on or outside the unit circle

of the z, plane.

3. 1 — K (z) should contain in its zeros all the poles of G (zn) that lie on or outside the

unit circle.

Now consider inputs of the form R (s) = 1/s” so that

-1 r=1  gr-1
R = limit 2 i
a—0 r-1)! aar—l z__€°aT

AR
(z-1 (¢-1!
B, (2)
- _ (178)
1-zy
Brl (zn)
R(z,) = (179)
1=z
B,y (z,)
RGN = — 2" (180)
-z
Thus the system error is given by
Brl (zn) Br2 (zn)
E(z,) = - K(z,) (181)
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LetX (zn) be of the form

(l—z;")r
K(z;)) = ———— (ag+a 2;1 o) Zy(z,) Z;m-l (182)

(-2

where Z0 (zn) contains the zeros of G (zn) that lie on or outside the unit circle of the z, plane.

Thus
—ml-l -1
B,y (z,) = B,y (z,) Zyz,) 2 (ag+ 8,z +--+)
E(z,) = (183)
-1
(1-2")
= b0+b1z;1+ b22;2+b3z;3+---+qu;‘1 (184)

It is possible to choose the ak’s and bq’s in (183) and (184) so that the minimum settling time is
achieved (g attains the smallest possible value) or the sum of the error-squared samples is minimized. Both
of these criteria are illustrated in the following examples.Designs for both are illustrated for a ramp input

in the following examples.
Example 5. Multirate Minimum Settling Time Digital Controller

Consider the multirate, error-sampled, unity feedback system shown in Fig. 24 in which the controller

sampler operates twice as fast as the error sampler (n = 2). The plant transfer function is given by

~T/T -
K,(-¢ ly vl
G(z) = T (185)
1-€ 1,71
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and

~T/n _
Kg (1-¢ 1) n21)+1
G(z,) = (186)
~-T/n T1 -1
- € z,
Assume a ramp input so that
Tz71
R(z) = (187)
a-z71
T z;l
R(z) = —2 " (188)
-1
(-2
T 2;2
R(zg) = (189)
1-z.%
Substitution of (188) and (189) into (183) yields
T _ -1 -2 ,—2v-1 -1 -2
E(z") = - Tzn2 z, v (a0+alzn +agz “ 4 :)
z‘l
=T - _aoznZv 3 _qa 2;2”-4-—az2” 5 _
1.2 - - -
= T(l—znl) [b0+b1zn1+b2zn2+ +byz ] (190)
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E(z) = T {by+(by—2bg) 2+ (by—2b, +b) 22
+ (bg=2by+b)z 34 (by = 2b,_y + b, _y) 2,1

-(g+ -
+ (=25, + b, ) zu(q l)+bq z g+2)}

Equating like coefficients yields

b0=o

1
b1-2b0=_
2

b2—2b1+b0=0

53-2b2+b1=0

b 2b +b20=0

2042~ “720+1

byyrg =28y 49+ Boysy =

+b

2042

b 2b

v+3 9

20+4

bq - 2bq_1 + bq_2 =4 _9y-3
-2bq + bq_1 == _9y-9

bq = =8 -2v-1

53
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Solving for the bq’s yields

b0= 0
5 1
1 7
2
b2= 1
3
b3=—
2
b4= 2
(193)
b2v+2 =v+1]
3
b2u+3 = —ay+v+ —
2
b2v+4 = —al—-2a0+v+2
5
b20+5 = -—a2-2a1—3a0+v—2—-

As in the case of the minimum settling time single-rate controller, minimum settling time is achieved

in the above design by letting bq =0 forq > 2v+ 3. Thus

3
ao = U+ -
2
a, = -(v+1) (194)
1
Uy = 0 m> 2
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Thus

K() = 1+ 27h) ( * 1) ~+ Dz 227

It is shown in Appendix A that

2

K() = (20+3) 270 —(v+1) 20t _(y 4 1) 2~ (v42)

Now

-T/ATy 0.2 3 -
(1-¢ zn)(l—zn) (v+—- —(v+1)zn

D(zn) =

K (zn)

G(z) [1-K(2)

2

D (zn)

=T/nT _ o o
Kg (1-¢€ n 1) (1-0©2v+3) Zn2”+(v+ 1) zn2v 2 (v+1) zn2v 4]

The system output can be obtained from

For a ramp input

and

C(z)) =T [15.5:;31 + 162;32 + 16,52;33 P

C(z,) = R(z}) K(z,)

-2
T z,

R} = ”
- 2;2)

55
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(198)

(199)

(200)

(201)
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For a step input

1
RGp) = ——— (202)
1- z,
and
C(zn) = 15.5 2;29 + 16 2;30 + 2;31 + z;32 +oa e (203)

The ramp and step response of the above system is plotted in Fig. 25 for the following parameters;
v=14, T,/T, = 0.25, and T = 20 sec. It should be noted that the response is slightly faster than the response
of the single-rate system with the same basic sampling period and parameters (Fig. 13). Deadbeat response
is reached in 310 sec vs 320 sec for the single-rate system. The ripples have also been “reduced’” in the
multirate system output. An examination of the multirate controller transfer function (198) reveals that the
multirate controller usually will be much more complicated than the single-rate controller, with a small gain
in overall system performance. As in the single-rate case, the minimum settling time design for a ramp input
yields very poor step response. The addition of extra terms to the digital controller will reduce the step
overshoot when properly chosen. The design for minimum sum of the squared-error samples, which is discuss-

ed next, will provide a method of properly choosing the extra terms.
Example 6. Minimization of the Sum of the Squared-Error Samples for a Multirate System

Minimization of the sum of the squared-error samples of the error pulse sequence for a multirate
controlled system can be obtained in the same manner as in the case of a single-rate system. This would

require the evaluation of

d 1
Z [e D] = — Sf’ EG)E (z7)) z;l dz, (204)
k=0 2mj T

which becomes very tedious and conducive to calculation error. Equation (204) is especially convenient when

the error pulse sequence is infinite or extremely long. However, with deadbeat response, the error sequence
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is finite. Since e (kT) can be obtained from a finite expansion of E (z,), it may be desirable to find the

individual e (kT)’s and form the desired sum from the individual terms. If

E(z)) = by+ b, z;1+b2 z;2+63 z;3+. "+bq 21 (205)

where the bq's are a function of the ““extra’’ terms in K(zn). Then

oo q
>tetrd’ =3 152° (206)
k=0 i=0

Conventional calculus techniques can be used to determine the bq’s so that the sum is minimized.

This approach will now be applied to the system of Example 3. The digital controller sampler
operates twice as fast as the error sampler (n = 2). The plant transfer function G (z,) is stable with a

2;2"_1 factor.

It has been shown that

E(z,) = R(z,)-R(z}) K(z)) (207)
For step inputs
1
R(z)) =
1- z;l
(208)
1
R(z") =
" 1- 2;2

It has been shown that X (z") should be of the form

2
(l-z;z) o
K(zn) = ——__2— (a'o + al z;l + 02 2;2 R R an z_n) zn(zv 1) (209)
a-z1)
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to obtain deadbeat response for a ramp input.

Thus the step error is given by

1 1- 2;2) z;(zvﬂ) 4 .
E(z) = : - " lag+ayzt ++ - +a 2 ]
(1~-z") (1-z")
_ -1, ... 2 _ -(2v+1)
=l+z +---+2, +( ao)zn

+

- 20, - al) Z;(2v+2) + (1~ 2a, - 2a, - a2) z;(2v+3)

+e-o+(1-205-20; - +-2a,_,-a.) z;(zvmﬂ)
+ (1- 2a0 — 2al e Zam) Z;(2v+m+2)
+ (1- 25 -2, -+~ 2am) z;(2v+m+3) boea (210)

From Eq. (210) it appears that the error pulse sequence is an infinite sequence. However, the following

substitutions will yield a finite sequence.

Since the a,’s must satisfy the deadbeat ramp response requirements, Eq. (193) must still be valid.

Thus

a, = -a’0+v+——
2

Q
Il

—d1 + 2d0—(v+1)

Q
I

9 —d2+2d1—d0

ay = —d3+2d2—d1
(211)
ap o = ~d _o+2d _.-d, _,
Om-3 = +2dm-2—dm-3
a, = -d__,

58




JPL Technical Memorandum No. 33-98

Substituting from Eq. (211) into (210) yields

= -1 -2 =3, ...
E(zn) = 1l+z +2,+2°+ +z

1
+ (do -v - —2—) z;(20+1) + (d1 -v-1) z;(2:;4»2) + (,12 — do) z;(2v+3)

+ (dy - dy) z;(20+4) +eeet(d) d,_y) z;(2v+m-l)

-4
v d,_g) 2] @ ) (2t D) (212)
Expression (212) is the finite series representation of the step error needed to calculate the sum of

the squared-error samples of the error pulse sequence. Substituting from (212) into (206) to evaluate the step

error sum yields

= 2
Z [e(kT)]2 Qv+1)+ (do-—v- i) +(d1—v—1)2+(d2—d0)2
k=0 2

+ (d3—d1)2+(d4—d2)2+- ..+
+ (g =0 o)+ (d, )+, _5)? (213)

The d;’s can be chosen to minimize the above sum by applying the conventional calculus techniques

3 Z‘” 2
- [e(kT)] =0 b=0,1’2,--.’m
adb { }

k=0

to yield the following set of simultaneous equations
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2dy - d, = v+_;_
2d, -dyg = v+l
—d0+2d2—d4=0
-dy +2dg - dg =0
—d, e+ 2d 4, -d o =0
-d 5 +2d 4 =0
~d 4~ 2d, ,=0

(214)

A general solution for the above set of equations is possible. (Actually,two solutions exist —one
being valid for m odd and the other for m even.) However, such expressions are cumbersome, and straight-
forward solution of the equations is trivial for reasonable values of m, and it is unlikely that very many

terms will be added to the digital controller.

Now consider the specific system of Example 3. The important parameters of this system are

v=14, T,/T = 0.25, and T = 280 sec. The minimum settling time controller was derived in which

m = 2
ay = 15.5 (215)
a; = -15

and the step and ramp responses of the minimum settling time system are given by

C(Z,,)s"p = 15.5 2;29 +16 2;30 + z;al + 2;32 + 1;33 PR (216)
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ramp

- _ _ - k
C(z,) =T (15.5 zn31 +16 zn32 +16.5 zn33 + 17 zn34 +oeeet 5 z;" +. ) (217)

If one term is added to the digital controller,

and minimization of the-sum of the squared-error samples of the step response error pulse sequence yields

dy = 7.25
a, = 8.25
a; =-05
a6, = -7.25
and the step and ramp responses are given by
C(z,) = 8.25 2;29 +16 2,30+ 8.25 2;31 +27324 27334 2;34 oo
step
Cl) (8252314162324 1652 7 4 h = gk
" ramp = 252,""+162,°“+16.52,7" + ?n

The numerical value of the sum of the squared-error samples after the digital controller initiates

control for step and ramp inputs is given by

S, -

step

52.5625

3 [62)]

ramp
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Similarly for other additional terms we have

m=3
dy = 7.25
d, = 1.5
a, = 8.25
a; = -8.00
02 = 7.75
ag = ~-7.5
Cley),,,, = 825 2,29+ 85230+ 8252731 18527324 233,734,
k
C(z.) = T (825281 1852732 ,1652™33 41727344 ...4 _ 27F ...
n ramp ( n n n n 2 n
2
Z [exT)] = 217.625
step
k=29
2
Z [ekT)] = 108.8125
ramp

k=31

As in the case of the single-rate controller, a compromise between step and ramp error must be
decided upon. A plot of the sum of the squared-error samples for step and ramp inputs vs the number of
extra terms in the digital controller will aid this choice. Figure 26 shows such a plot for the system under
consideration. The step and ramp responses for the multirate controlled system above are plotted in Fig.

27 to 30 for several different “‘number of extra terms in the digital controller.”’
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VIl. DESIGN FOR STATISTICAL INPUTS

It is possible to design an ““optimum digital controller’” on statistical principles when the statistical
properties of the inputs, including noise, are known. The conventional design for continuous systems using
the Wiener—Kolmogoroff theory for optimum filter synthesis has been extended to sampled-data systems
(Ref. 22). Minimization of the mean-square sampled error yields the following equations for the digital con-

troller transfer function D(z) as derived in Appendix B:

D(2) = —M———— (218)

1-W(2)G(2)

where
6z"H6 (g, () + ¢, ()]
[e 6] [¢,(0]
W(z) = (219)
+ +
(6 6™ [¢,(2)]
and

D(z2) is the digital controller transfer function

G(2) is the plant transfer function

CiH=6)
2=z
G ,(z) is the desired closed-loop transfer function
d P
¢, (2) is the pulse-auto-spectral density of the input signal
¢, ,(2) is the pulse-cross-spectral density of the signal to noise

¢, (2) is the pulse-cross-spectral density of the noise to signal

¢,,(2) is the pulse-auto-spectral density of the noise

b, (2) = ¢ss(z) + ¢sn(z) + ans(z) + S{Jnn(Z)
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+
[F(z)] denote the factors of F(z) with poles and zeros inside the unit circle of the
{F(Z)}+ z-plane

[F(z)]- denote the factors of F(z) with poles and zeros on or outside the unit circle of

the z-plane

When the plant transfer function G (z) contains an z " factor (a pure time lag in most cases when
n > 1), the physical realizability of the digital controller can be preserved by including the z ™ factor in the

desired closed-loop transfer function Gd (2).

If the plant transfer function is stable, Eq. (219) reduces to

Gy () [p (2) + ¢, ()]

(¢, (2]

W(z) = (220)
C(2) [¢,(2)]"

where the quantities are defined as for Eq. (219).

It should be noted that since the desired closed-loop transfer function must also contain the pure
time delay and the actual closed-loop transfer function will usually fall short of the desired, the resulting
controller will not be a predictor controller, and the output will usually lag the input by at least the pure time
delay. This may or may not be acceptable. When the system is subjected to noisy inputs, the above design

procedure may be necessary to achieve any degree of control in the presence of the noise.
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IX. SUBRATE CONTROLLER

A variation of the multirate controller will be called the subrate controller. The subrate controller
output sampler operates at a slower rate than the system error sampler. Thus the controller has more informa-
tion about the system’s operating conditions before it sends a control command to the plant to be controlled.
In some cases, this method should yield a better “‘predictor’’ controller than the multirate or single-rate
controller. However, the overall system response may be slightly slower than a multirate controlled system

response, since the control command rate may be slower with the subrate controller.

An error-sampled subrate controlled digital system is shown in Fig. 31. The sampling period T of the

controller sampler S, shall be considered the basic sampling period for the system. The error sampler S, has

a sampling period of T/n, where n is assumed to be an integer to simplify the analysis and design procedures.

The conventional approach to the analysis of such a system is to consider the equivalent single-rate system

shown in Fig. 32.

The error sampler is replaced by n fictitious samplers with a sampling period T arranged in parallel.
The inputs to the samplers are advanced in time, and the outputs of the fictitious samplers are delayed an
equal amount of time. Immediately it is seen that the analysis is complicated by the fact that the system is
no longer an error-sampled system. In such a case, it is usually possible to obtain only the z-transform of the

system output rather than an overall system (closed-loop) transfer function.

It can be shown that the z-transform of the output of the subrate controller is given by

n-l
G(z) = F{eFTs/"R(s)} 3{*Ts/7 D* (5)}
k=0

n=1
kTs/n¢ ¢ "kTs/n p*
1+ 3 e ()} e ()}

where

}{ €7*Ts/n F(5)} denotes the z-transform of the delayed function € “%Ts /n F(s)
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Expression (221) is reasonably convenient for analysis of subrate systems for given system para-
meters and a specific input. However, it is not a convenient tool for the design of a digital controller since
the terms D (2) or D* (s), describing the digital controller, do not appear explicitly. This problem is “‘solved”
in the design of the multirate controller by the introduction of the z -transform denoting the z-transformation
with respect to the high rate-sampling period T/n. This approach will be applied to the subrate controller

after a brief review of the z - and z-transform properties.

The z-transform ;.[X(s)], and the z_-transform Fn [X(s)] are defined by the following expressions

}[X(s)]

i XD z7*
r=0

(222)

i XGD

=0

Fn (X (s)]

There are three combinations of the above transform to be considered for the development of the subrate

controller.

First consider the case shown in Fig. 33a, where the continuous input is first sampled by a high-rate
sampler with sampling period T/n, passed through a pulse network with a transfer function D(z,) (D(z,) =
e [D*(s)]), and then sampled by the basic rate sampler with sampling period T. The output of a pulse net-
work is a sequence of ‘‘sampled’” pulses appearing at the same rate as the input samples. If X(z,) denotes

the output of the pulse network D(zn), then the output x(z) of the basic rate sampler is given by

X(2) = 3[X(z)] (223)
where }[X(zn)] denotes the operation of z-transforming with respect to the basic sampling period T, a pulse

function X (z,) for which the z -transform with respect to the high-rate sampler is given. This amounts to

taking every nth pulse of the original pulse function X(z ). It has been shown that
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1 — .
(F(z))] = — F ~j2mk/n (224
FLF(z, - I; (zn € ) )

Now consider the case shown in Fig. 33b, where the input is sampled at the basic rate T and passed
through a pulse network D(2). The pulse output X(2) of the network is sampled by a high-rate sampler with

sampling period T/n to produce the output X(z,). This output is given by

X(z) = 3,[X(2)] (225)

where }n [X(z)] denotes the operation of zn-transforming with respect to the high rate-sampiing period T'/n,
a pulse function X(zn) for which the z-transform with respect to the basic sampler is given. However, since
X(z) is a pulse function (sequence) with nonzero values only at ¢ = T, 27T, 3T, --- , only every nth pulse can

appear in X(zn). Thus

X(z) = X(2)| (226)
z=z

n

However, if the pulse network D (z) = ;[D* (s)] is replaced by a continuous network D (z) = }[D(s)]

as shown in Fig. 33c, then the expression no longer holds. In this case the output shall be denoted by

X(z) = }R[X(z,m)] (227)

since the modified z-transform X (z,m) is necessary to describe the output of the continuous network at the

high rate-sampling instants. By definition, the modified z-transform is given by

X(z,m) = Eﬁo X T + mT) z~k+D (228)

where

0<m<1
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It can be shown that the output of the high rate sampler is given by

I}

X(z) = 3, [(X(z,m)]

n-1
XD+ D> 2k x <z;, f) (229)

k=1

where

when the input to the high rate sampler is continuous.

The error-sampled subrate-controlled system is shown in z,- and z-transform notation in Fig. 34. The
digital controller transfer function D(z)) is in z_-transform notation since its input is sampled at the higher
sampling rate (/T samples per sec). The plant transfer function G (2) is in z-transform notation, indicating

that its input is sampled at the basic rate (1/T samples per sec).

The error equation is given by
E(z,)) = R(z)) - C(z) (230)

Since C(z,) is the output of a high rate sampler preceded by a continuous network preceded by a basic rate

sampler,

n-1
Cley) = CE + D 2k e G;, i) (231)

k=1

by direct application of Eq. (229).
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Now
C(z) = [D(z) E(z))] - G(2)
Clz,m) = }[D(zn) E(zn)] - G(z,m) (232)
Thus
n-1 k
C(z) = 3ID(z) E(z)) Gz + 2[D(z,) E(z]] *¢ (:;;, _) (233)
k=0 "
or
n-1 3
C(zn) = }[D(zn) E(zn)] - |6GzD) + 2 PLEA (z,’;, —> (234)
k=0 "
Now let
n=-1 k
€l =Gz + Y. 246 (:;;, —) (235)
k=0 "
S0
Clz) = 3[D() E(2)] 6(z,) (236)
Thus
E(z)) = R(z,) - 3[D(z,) E(z)]6(z,) (237)

In order to extend the previous design methods for deadbeat.response with a subrate controller, it is
necessary to develop an expression for E(z,). Equation (237) is of a form similar to Eq. (160) in the develop-

ment of the multirate controller. The multirate controller equation was solved with the aid of Eq. (224) and
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matrix manipulations. This approach was applied to the subrate controller Eq. (237). Unfortunately, the

result could not be reduced to a convenient form for design.

This phase of the research on digital control of systems with long time delays was concluded at this
point. It is hoped that later research will yield a satisfactory design procedure for the development of the
subrate controller. It is felt that this type of controller will yield the best type of control when the effect of

the time delay must be offset by a predictor controller.
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X. INSTRUMENTATION OF THE DIGITAL CONTROLLER

The single-rate digital controller transfer function D{z) can easily be instrumented with a simple

digital computer program. The computer must store past values of the controller (computer) input and output.

Of course, the input and output are discrete values (samples).

Considering the single-rate controller, let E (2) denote the z-transform of the input pulse sequence

and M (z) denote the z-transform of the output pulse sequence. Thus

M(2)
E(2)

D(z) =

It has been shown that the digital controller transfer function is of the form

Substituting from (239) into (238) and cross-multiplying yields

M(Z)+—ZDMz)z7 — 3 4 BT

dO]l

Taking the inverse z-transform of both sides of (240) yields (at the sampling instants)

m(t) = Zde(t—]T -—an(z-m

0]0

or

m(kT) = Z d, e(kT—]T)— i Z D, m(kT = iT)

010

n

(238)

(239)

(240)

(241)

(242)
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Thus the output of the computer at the kth sampling instant is just a linear combination of the
present and past values of the input and past values of the output. This is indeed an elementary digital

computer program that can be performed by the simplest of digital computers with sufficient memory, addition,

and multiplication capacity.

Example 7. Digital Computer Program for a Single-Rate Deadbeat Controller

Consider the digital controller required to yield a minimum settling time deadbeat response for a

ramp input as derived in Example 2. In this case

~T/T
(1-¢€ 127y (16 -1527))
D(z) = — =) ‘ (243)
K(l-¢ h(1-162"15+15 2”16y

Thus
15 -T/T 5 -T/T
16 [1—<—+e /1>z'1+1—e /1z'2]
16 16
M(z) =
~T/T - -
K(l-¢ 1y [1 -162715 4+ 152716]
and
16 15 -T/T 15  -1/T
m(m=_—T/T_ e(kT) - (—+e 1>e(kT—T)+——e L e(kT - 27
K(l - € 1) 16 16
+ 16 m(kT - 15T) = 15 m(kT - 167T) (244)

Equation (244) describes the digital computer program necessary to provide minimum settling time

deadbeat response for the single-rate system of Example 2.

72




JPL Technical Memorandum No. 33-98

Now consider the multirate controller problem. It will be shown that the multirate controller usually
cannot be instrumented by a simple digital computer program in the same manner as the single-rate controller.

The multirate controller has the general transfer function D(z)) given by

a
z§0 Dizn‘
D(zn)= ;
)
x§0 d]-Zn
M(z)
= (245)
E(z)
Thus
b -
dM(z)+ E dM(z)z] 3 D.E(z)z¢
i=1 i=o ¢ non
T 1 o T 1 T T
m k— —ZDe k—-—t— - — d].m<k——]— (246)
n dy =0 n n dy i=1 n n

However, e (kT/? — i T/7) js available to the computer only when i = n + d, where d is an integer
depending on relationship between & and the sampling instant for the low-rate error sampler. This condition

exists since the error sampler passes only every nth sample with respect to the high-rate sampling period

T/n.

This indicates that a new form for K(z,) is needed if a simple digital computer is to be used to
instrument the multirate controller. Possibly, the controller can be instrumented in its present form by a

continuous network and the sampler by converting D(zn) to D{s) in the same manner that K (s) was obtained

from K(z,) to obtain K (z) in the multirate controller development. Table 1 may be useful in converting D(z).
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Table 1. Z [F(z,)]

F(zn) Z[F(zn)]
G(z) Z[G(z,)]
kG(zn) KZ [G(zn)]
z P p#kn 0
z;P p=kn .k
1 an-l
z, —a z — d
1 22 L (n-1Da""2z
7z - a2 z - a2
n n
1 263" 3 L (n+4) (r-Da?" Bz 4+ -1 (r-2a" 32
3 3
Z, —a 21 (z - a™)
2
Zn (a2 + bz)n/ sin (n0) z
2 2 2 2
z, + 20z, + a® + b b[22 - 2(a? + b2)n/ cos (n6) z + (a2 + 52)"]
where
0 = tan~! —
-a
-1 -1)/2
1 b(a2 +82)" 4 (a®+ b2)(" 2 Gin (= 1) &)z
2 2 2 2
z, + 20z, +a” +b b[22 - 2(a? + bz)n/ cos (n)z + (a® + 2)"]
where
b
¢ = tan~1 —
a

Note: This table has been reproduced from Ref. 21.
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NOMENCLATURE
w frequency
@, error frequency
@, output frequency
w; input frequency
@, center frequency
Wy, Wy phase detector frequencies
w mixer frequency

A @y filter half bandwidth

7 phase
6, error phase
6, output phase

6, input phase

1 99 phase detector input phases

o

> phase shifts

;)

¢n, ¢lj’ "bli phase shifts in Fourier series representations of nonlinear element outputs
951, 962 phase detector input phases
t time
R () system input time function

c() system output time function
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v (2)

Q)

()

m (¢)

h(2)

K()

g (1)

e (2)

R (2), Ry()
E_

e, (9

e (1), ey(0)
u(t)

(9

R )

c

V(C)

NOMENCLATURE (Cont’d)

time variable

time variable

total input to nonlinear element

nonlinear element output
amplifier output
high-gain limiter output

narrow-band filter output

system error time function

multiplier inputs

multiplier output

filter output

phase detector inputs

unit step

system input

> signal amplitudes

system input

system output

system internal signal
system internal signal
nonlinear element output
nonlinear element output
amplifier output
high-gain limiter output
multiplier input

phase detector input

discriminator output
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R, R,
Cp Cp Gy
Ly Lo Ly

K Ky K, K,

z
n

D(s)
D* (s)

D(2)

D(z,)

G(s)

G(2)

G(z,m)

G(z,)

v, (2)

G,(2)

W(z)

R(2)

F(z™h, 4z

R(2)

step

NOMENCLATURE (Cont'd)

resistances

capacitances

inductances

overall system gain

time delay ratio

time constant ratio

kth sampling instant

Laplace variable

z-transform variable

z_-transform variable

digital controller Laplace transfer function
digital controller starred Laplace transfer function
digital controller z-transfer function

digital controller z_ -transfer function

plant to be controlled Laplace transfer function
plant z-transfer function

plant modified z-transfer function

plant n-transfer function

error transfer function

overall transfer function

statistical development function

2-transform of system input

polynomials in 27}

z-transform of unit step
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T/n

I

=T,s
€ d

ays @y, g, g, *o*
by» bys byy by, -
f()’ fl’ f2’ f3’
Qs Ay gy Qg oo
dys dp, dy, dy, -

DO’ Dl’ D2’ D3’

NOMENCLATURE (Cont’d)

z-transform of unit ramp

modified z-transform of step response
modified z-transform of ramp response
z-transform of X

modified z-transform of X
z_-transform of X

output at kth sampling instant

time delay

basic sampling period

high-rate sampling period

time constant

exp (- T;s)

> polynomial coefficients
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Appendix A.  Evaluation of K(z) from K(z,)

The problem is to find K(2) from K(z ) for a multirate controller yielding minimum settling time for a

ramp input to a system with a pure time delay and a first-order lag. We have defined

K(z) = 3 {K(z,)} (A-1)

where } {f(zn)} denotes the operation of z-transforming a function with respect to the sampling period T, a
function for which the z-transform with respect to T/n is known. A straightforward method of finding K (2) is

to obtain the function K (s) from which K(zn) is obtained. Then K(z) is found by z-transform K(s).

It can be shown that

(k-1) r
-k - s
zn n € n
; - a 2
1,2 T 2
1-29 s
nz ¢
= [m+ Q-m)z71] (A-3)
(1- z'l) m=a—(k-1/n)
where
k-1
a-1< <a
n
In the development of the multirate minimum settling time deadbeat controller, it was shown that

(for n = 2)

(1 - an) 3
K(z) = ——— (v " *) ~ (D2l 22001 (A-4)
- 2;1)2 2
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K(Zn) = - . +
1.2 - 1.2
(1-z7h 1-2z7h (1-z7h
w+D2z2272 20w+ Dz7t (+Dg 2076
- + i 5 (A-5)
1.2 - -
1~z (1-2z1H (1-z7h
Applying Eq. (A-3) to (A-5) and collecting terms yields
K(z) =Qv+9z7 -+ Dz WD) _ (p41)*2 (A-6)

Equation (A-6) is the desired expression for K(z).
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Appendix B.  Minimization of the Mean-Square Sampled Error

The conventional techniques for minimization of the rms error for continuous systems has been

extended to sampled-data systems (Ref. 22). This criterion will be applied to the error-sampled unity feed-

back system shown in Fig. B-1 , where G(z) is the transfer function of the plant to be controlled and D(z) is

the digital controller. The system has two inputs — an input signal r_ and noise r,. The closed-loop transfer

function (output/input) after digital compensation will be denoted by G(2) and the desired closed-loop

transfer function will be denoted by G ,(2).

An important extention of the spectral densities for continuous signals is the pulse-auto-spectral

density and the pulse-cross-spectral density given by (Ref. 7, p. 543):

¢xx(z) = R=2- ¢xx(Rn z-k

_ s -
¢'xy(z) = R-‘:z—oo kllxy(RT)Z
where
1 N
‘,lex(kT) = limit S x(n]) x(aT + k7
Noe oN4+1 n=-N
1 N
lﬁxy(kT) = limit S x@DylT +ED
Nooo ogN+1 a=-nN

It has been shown that the mean-square sampled error is given by

e2(nT) = _1_ ¢ ¢ee(z)z-1dz
2mj r

(B-1)

(B-2)

(B-3)
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where

$oe(2) = [Go(2) = G, (D] [Gylz™) = Gy(z™D] g, (2) + Gy [Gy(z™h) = 6,(zTH] g, (2)

+ Gz [6y(2) - C1(D] ¢, (2) + Gol2) Gy (z™h) ¢, (2) (B-4)

Let
v - 29 (3-5)

1+D(2) G(2)

s0
Go(2) = D(2) W(2) (B-6)

and
Dy - D (B-7)

1+W(2) G(2)

Now apply variation of parameter techniques so that

W(z) = An(z)

V(zly = An(z7} (B-8)

[ez(nT)] I8 = e2(T) + 6§e2(nT)

0
—[e2 (nT) + & eZ(nT)]
RN

=0 (B-9)
A=0
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Substituting from (B-3), (B-4), (B-6), and (B-8) into (B-9) yields

1
- —_ 93 7(2) (W 6N g,(2) - Gz g, (D) + ¢, (2] }z71dz = 0
2mj r

1
27y
where
and
Now let
where

— 95 ™) CEHW(DCE@ ¢,(2) - 6, [, (z7H + ¢, (z7H] }27Vdz
r

¢t(z) = ¢ss(z) + ¢nn (2) + ¢sn(z) + ¢"5(Z)

F(z™) =F@)|

=2

¢, (2) is the pulse-auto-spectral density of the input signal r_

¢nn (z) is the pulse-auto-spectral density of the noise T

&, (2) is the pulse-cross-spectral density of the input signal to the noise

¢, (2) is the pulse-cross-spectral density of the noise to the input signal

8,2 = [8,(2])* [¢,(2))”

G(2) 6z = [6(x) 6zDHIT[6(L) 6z H]

[ J* denotes factors with poles and zeros inside the unit circle of the z-plane

[ 17 denotes factors with poles and zeros on or outside the unit circle of the z-plane
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Substitution of (B-11) into (B-10) yields

— (ﬁ Nz [¢,(2]7 [6(2) 6(zTH]7 ([6(2) G(z™H]*-

27j r

6(z™) G () [¢, (2 + ¢ (2)]
W(z)[¢t(z)]+ - 2714z

[6(2) 6(z"H] [¢,(2)]”

1
+ — 95 n(2)[¢,(2]" [6(2) G(z™H]* ([C(2) 6(zTH]7W (T -
27y r

G(2) G,z™H g, 2™ + ¢ (z7H]
[qﬁt(z)]_ - z7ldz =0 (B-12)

[6(2) 6(z™)) [, ()]

Expand the terms within § % into a partial fraction expansion such that

foi - fof fof

where

3Q§+ denotes portion with poles inside the unit circle of the z-plane

gQi_ denotes the portion with poles on or outside the unit circle in the z-plane

L ¢ n(z7} [qﬁt(z)]— (G(2) G(zH] {[6(2) Gz"H]*W(z) - [¢t(z)]+ - 2QI§* - gQé'} 2 1dz
2mj r

56 () [¢,(2]1* [6(2) 6D {[6(2) 6D WY - [¢,()]7 - ini“ i%i-} s
2mj r

(B-13)
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Reference 7 states (page 551): “‘It can be readily shown that the counter (contour) integral
vanishes if the integrand has its poles either all inside the unit circle or all outside the unit circle (of the

z-plane).”” Thus it can be shown that

2 56 (g, @]7 (6() 6GNIEE 66HW (g, -{o ez
27j r

+

95 (2 [¢, (D] [6(2) 6zH] {[6(2) 6N W (2 [¢,(2)]” -fozg'}z‘ldz =0
27j r

(B-14)

If (B-14) is to be true independent of 7 (z) (from variation of parameter calculus), then

has . Ge G ¢, (2 + ¢, ()] . _
[G(2) GzN]'W(2) [¢,(2)]" - =0 (B-15)

[6(2) 6(z"H]7 [,(2)]”

and

6(2) 6,z g,z + ¢, 7H]
[6(2) 6zH]W(2) g, (] - =0 (B-16)

[6(2) 6(z7H]" [¢,(2]*

It can be shown that (B-LS) and (B-16) are identical so that

+

6(zH6 () (8, (2) + 0, ()]

[6(6G:"H]7 [e,]"
W(z) =

[6(2) G(zH]* [¢,(2]*
If G(z) has no poles or zeros outside the unit circle, then

[G(2) G(z"H]* = 6(2)

[6(2) 6(z7H]™ = 6(z7H (B-17)
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and

1 G, (g, (2 + &, ()]
W(z) = (B-18)
G(2) [¢,(2]7 (¢,(2)]"
1 Gyl (2) + ¢, (2]
Gy(2) = (B-19)
[¢,(2)]* [¢,(2)]”

which agrees with the established design equation of Ref. 7, page 551.

86




JPL Technical Memorandum No. 33-98

10.

11.

12.

13.

14.

15.

REFERENCES

Gruen, W. J., “Theory of AFC Synchronization,” Proceedings of the IRE, Vol. 41, No. 8, August 1953,
pp- 1043-1048.

Preston, G. W., and Tellier, J. C., “The Lock-in Performance of an AFC Circuit,”’ Proceedings of the
IRE, Vol. 41, No. 2, February 1953, pp. 249-251.

Jaffe, R., and Rechtin, E., ““Design and Performance of Phase-Lock Circuits Capable of Near-Optimum
Performance over a Wide Range of Input Signal and Noise Levels,”” IRE Transactions on Information

Theory, Vol. IT-1, No. 1, March 1955, pp. 66-76.

Weaver, C. S., ““A New Approach to the Linear Design and Analysis of Phase-Locked Loops,”” IRE
Transactions on Space Electronics and Telemetering, Vol. SET-5, No. 4, December 1959, pp. 166-178.

Viterbi, A. J., Aquisition and Tracking Behavior of Phase-Locked Loops, External Publication No. 673,
Jet Propulsion Laboratory, Pasadena, July 14, 1959.

Westlake, P. R., Digital Phase Control Techniques, External Publication No. 801, Jet Propulsion
Laboratory, Pasadena, July 1, 1960.

Tou, J. T., Digital and Sampled-Data Control Systems, chapter 10, McGraw-Hill Book Co., Inc., New
York, 1959. ’

Jury, E. L., Sampled-Data Control Systems, chapter 5, John Wiley and Sons, New York, 1958.
Terman, F. E., Radio Engineers Handbook, McGraw-Hill Book Co., Inc., New York, 1943, pp. 586-587.

Altar, W., and Helstrom, C. W., Phase-Plane Representation of Sampling Servomechanisms, Research
Report R-94410-14-B, Westinghouse Research Laboratories, Pittsburgh, September 21, 1953.

Kalman, R. E., “Nonlinear Aspects of Sampled-Data Control Systems,”’ Proceedings of the Symposium
on Nonlinear Circuit Analysis, Brooklyn Polytechnic Institute, April 1956, New York, pp. 273-313.

Mullin, F. J., ““The Analysis and Compensation of Nonlinear Sampled-Data Feedback Systems’”
Institute of Engineering Research Technical Report, Series 60, Issue No. 211, University of California

(Berkeley), August 22, 1958. (AFOSR-TN-58-825).

Levy, H., and Lessman, F., Finite Difference Equations, chapter 4, Sir Isaac Pitman and Sons,
London, 1959. »

Aseltine, J., and Nesbit, R., ‘“The Incremental Phase Plane for Nonlinear Sampled-Data Systems,”’
IRE Transactions on Automatic Control, Vol. AC-5, No. 3, August 1960, pp. 159-167.

Truxal, J. G., Automatic Feedback Control Synthesis, McGraw-Hill Book Co., Inc., New York, 1955.

87



JPL Technical Memorandum No. 33-98

16.

17.

18.

19.

20.

21.

22,

REFERENCES (Cont’d)

Weiss, R., “Transportation L.ag — An Annotated Bibliography,’”” IRE Transactions on Automatic Control,
Vol. AC-4, No. 1, May 1959, pp. 56-64.

Choksy, N. H., “Time Lag Systems — A Bibliography,”” IRE Transactions on Automatic Control, Vol.
AC-5, No. 1, January 1960, pp. 66-70.

Cunningham, W. J., Introduction to Nonlinear Analysis, chapter 6, McGraw-Hill Book Co., Inc., New
York, 1958.

Schroeder, W., ““Analysis and Synthesis of Sampled-Data and Continuous Control Systems with Pure
Time Delays,”’ Institute of Engineering Research Technical Report, Series 60, Issue 156, University
of California (Berkeley), June 8, 1956.

Kranc, G. M., “Compensation of an Error-sampled System by a Multi-Rate Controller,”” Transactions of
the AIEE, pt. I, July 1957, pp. 149-159.

DuPlessis, R. M., ““Two Digital Computer Programs for Use with Multi-Rate Sampled-Data Systems’
Analysis,”” IRE Transactions on Automatic Control, Vol. AC-6, No. 1, February 1961, pp. 85-86.

Blum, M., “An Extension of the Minimum Mean Square Prediction Theory for Sampled-Input Signals,”
IRE Transactions on Information Theory, Vol. IT-2, No. 3, September 1956, pp. S176-5184.

88




JPL Technical Memorandum No. 33-98

SAMPLER SAMPLER CONTROL
oy FREQUENCY |, priy DIGITAL AND , o
DETECTOR ™ oELay *1 controLLER ™ peLay —a=| FUNCTIOR AND 2o
a. AUTOMATIC FREQUENCY CONTROL SYSTEM
6; PHASE 8, SAMPLER DIGITAL SAMPLER CONTROL 8,
DETECTOR [~ ¥ AND | CONTROLLER [ AND ] FUNCTION AND S
DELAY DELAY vCo
b. PHASE - LOCKED ~-LOOP SYSTEM (APC)
Fig. 1. Block diagrams of digital AFC and APC systems with delays
R
W/ | NONLINEAR | m (1) NARROW- | 4 (/) HIGH-GAIN | 4 (1) NARROW- | g(7) we e(r) W
(7 el BAND L g BAND [~ gm | LA AN
v{r) | ELEMENT AMPLIFIER LIMITER AMPLIFIER DISCRIMINATOR
Wy
_ -~ J — v J
SECOND MIXER CONSTANT AMPLITUDE DEVICE
),
We i
MIXER [ o
w, | C(#)

Fig. 2. Frequency detector
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Fig. 3. Discriminator circuit
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Fig. 6. Phase detection representation
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Fig. 7. Block diagram representation of a digital AFC system
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Fig. 10. Piecewise linear approximation to S-curve
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Fig. 13. Step and ramp response (v = 14, ¢ = 0.25)
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Fig. 15. Step and ramp response (v =8, g = 0.25)
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RAMP UNITS
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Fig. 16. Step and ramp response (v = 6, ¢ = 0.25)
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Fig. 20. Single-rate system response —two extra terms
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Fig. 21. Single-rate system response —three extra terms
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Fig. 28. Multirate system response —two extra terms
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Fig. 29. Multirate system response —three extra terms
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Fig. 30. Multirate system response — four extra terms
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